Modified theories of gravity have been invoked recently as an alternative to dark energy, in an attempt to explain the apparent accelerated expansion of the universe at the present time.
action to depend upon a function of the Ricci scalar. This is perhaps the most popular modified gravity theory of recent years, and is called f (R) gravity [4] [5] [6] [7] . This is the modified theory of gravity on which we focus in the present article.
Observational evidence points towards the existence of small inhomogeneities, generated during the inflationary phase, as the seeds of large scale structure. There are two popular techniques for modeling these inhomogeneities. The first is inspired by the pioneering early research by Lifshitz [8] and developed by Bardeen [9] and is based around considering perturbations to the FLRW metric.
The second method, dubbed the 'covariant approach' follows work by Ellis, Bruni and collaborators [10] . To date, the majority of the study of inhomogeneous perturbations of f (R) theories have been completed in the metric formalism (see Ref. [7] for a detailed reference list). However, recently some authors have used the covariant approach to study the perturbations [11] . These approaches each suffer from their own strengths and weaknesses (see, e.g., Ref. [12] ) however, they are equivalent, describing the same physical universe, and thus results obtained in each formalism should be in agreement.
Previous work has studied the equivalence between the two formalisms for Einstein gravity [13] .
However, to date, the relationship between the formalisms has not been presented for modified gravity and, in particular, for f (R) gravity. In this paper we perform such a study, extending Ref. [13] to f (R) gravity. This will enable authors working in one formalisms to compare their results to the other. The paper is organized as follows: in the next section we review the basics of f (R) gravity and define our notation. In Section III we present perturbations in the metric formalism, picking two particularly popular gauges before considering the covariant formalism in Section IV. In Section V we relate the two approaches, showing how to transform from one to the other, before concluding in Section VI.
II. BASICS OF f (R) GRAVITY
In f (R) gravity the Einstein-Hilbert action is modified to take the form
which, on varying with respect to the metric, gives the field equations
where F ≡ ∂f /∂R, ≡ ∇ c ∇ c , and T M ab is the energy-momentum tensor, obtained by varying the matter action with respect to the metric. Here, and throughout, indices a, b, . . . cover the full spacetime range (0, . . . , 3), and i, j, . . . denote spatial indices (1, . . . , 3).
Alternatively, one can write the field equations as
where G ab = R ab − 1 2 g ab R is the usual Einstein tensor. This equation can then be written as
whereT M ab = T M ab /F is the rescaled matter energy-momentum tensor, and
is the energy-momentum tensor of the effective 'curvature fluid'. It is important to be able to write the system as general relativity with effective fluids, since it enables one to apply the covariant approach to perturbation theory to the model.
III. METRIC PERTURBATION THEORY
Metric perturbation theory has been studied by many authors over the past few decades [14, 15] building upon the first comprehensive work on gauge invariant linear cosmological perturbations conducted by Bardeen [9] . In the years since, metric perturbation theory has been extended to second order and beyond (see, e.g., Refs. [16] [17] [18] [19] and references therein), and recently studies have been developed to encompass modified gravity theories, such as f (R) (see, e.g., Refs. [20, 21] ).
In metric perturbation theory we consider small, inhomogeneous perturbations to the homogeneous and isotropic Friedmann-Lemaître-Robertson-Walker (FLRW) background spacetime. Doing so gives the perturbed line element
where η is conformal time, a(η) is the scale factor, γ ij is the metric on the spatial 3-hypersurface, and a bar denotes the covariant derivative with respect to this metric. The perturbations can be further split up using the scalar-vector-tensor decomposition [22] as
2)
In Appendix A we show the relationship between variables using different notational conventions.
Considering now only scalar perturbations, with a flat spatial metric, results in the line element
The background Einstein equations are then
where a dot denotes a derivative with respect to conformal time, H =ȧ/a is the Hubble parameter, and the background Ricci scalar is
The Einstein equations for the linear perturbations then give an equation from the (ADM) 8) and from the momentum constraint 11) and finally, the trace equation (G a a ≡G 0 0 +G k k component) gives the equation
The perturbed Ricci scalar is 13) where the spatial Laplacian is ∇ 2 ≡ ∂ k ∂ k .
A. Gauge Choice
When using cosmological perturbation theory, one encounters the 'problem' of gauge invariance. As described above, the formalism requires the splitting of the spacetime into a background spacetime and a perturbed spacetime. However, this method of splitting is not a covariant process.
That is, one can make a choice of 'gauge' which relates points on the background spacetime to points on the perturbed spacetime, but the choice is not unique. Therefore, quantities can change depending on the choice of coordinate correspondence.
One resolution of this issue was proposed by Bardeen in 1980 [9] where he first introduced the idea of looking at solely gauge invariant variables. These are quantities constructed such that they do not change under a gauge transformation. This is equivalent to eliminating the gauge degrees of freedom from the metric from the outset, therefore guaranteeing that one is working with only gauge invariant variables. In the previous section equations were presented without fixing a gauge.
Now, we highlight a couple of common gauges, and present the governing equations for f (R) gravity theories in these gauges.
Longitudinal gauge
The longitudinal gauge is the gauge in which the shear metric perturbation, σ ≡Ė − B, is zero. This gives B = 0 = E. The two remaining scalar metric perturbations are then the Bardeen potentials [9] defined as
The metric then has no off-diagonal terms and
The governing equations for linear perturbations in this gauge are then:
and the Ricci scalar is
In Bardeen's original work, the chosen gauge invariant matter variable was the density perturbation in the comoving gauge. This can be related to the longitudinal gauge variables used above
Uniform curvature gauge
The uniform curvature gauge is the one in which E = ψ = 0, and so the metric tensor is then spatially unperturbed:
The governing equations in this gauge are then
while the perturbed Ricci scalar is
The starting point for the covariant approach to cosmological perturbations is choosing a suitable frame in which to work. Equivalently, this means making a choice of the four velocity vector, u a , of an observer in the spacetime. Several different choices can be made, but the most physically motivated choice is the frame associated with standard matter, so u a = u M a . Now following closely Refs. [11, 24] , we can derive the kinematic quantities in the standard way. In the following we denote the derivative along the matter fluid flow lines with a dagger, e.g., X † = u a ∇ a X.
The projection tensor is
which obeys
The projected derivative operator orthogonal to u a is (3) ∇ a = h b a ∇ b , and so kinematical quantities are introduced by splitting the covariant derivative of u a :
where a a = u a † is the acceleration, Θ is the expansion, and the shear and vorticity are σ ab and ω ab , respectively. Further, in the following, angle brackets applied to a vector denote its projection onto tangent 3-spaces
When applied to a tensor, they denote the projected, anti-symmetric and trace free part
The spatial curl of a variable is
where abc = u d η abcd is the spatial volume.
Finally, we note that, since we treat the additional curvature as a fluid, we can write an energy density and a pressure for this fluid, namely ρ R and P R [25] .
A. Linearized equations
Fully non-linear governing equations valid in any spacetime (with suitable choice of u a ) can be found in Ref. [11] . In order to study cosmological perturbations, we linearize the equations around a Friedmann-Robertson-Walker background spacetime. The cosmological equations for the background are
Linearization of the propagation and constraint equations gives 2
2 Note in the following that E ab and H ab are the electric and magnetic parts of the Weyl tensor:
And the linearized conservation equations are
B. Scalar equations
In order to study the linearized dynamics, we define the covariant gauge invariant quantities 3 25) as well as the gradients describing inhomogeneities in the Ricci scalar
Dynamical and constraint equations for these variables can be found in Ref. [11] . However, since we want to consider scalar perturbations that govern the formation of structure in the universe, we need to use scalar variables. These are obtained by using a local decomposition. The variables of interest are then obtained by applying (3) ∇ a to those definitions above to give
Then, assuming the matter content to be well described by a barotropic fluid with equation of state P M = wρ M , the evolution equations for the variables are
and a constraint equation
(4.33)
V. RELATING THE TWO APPROACHES
In the previous sections we have introduced cosmological perturbation theory using both the metric and covariant formalisms in f (R) gravity. In this section we show how to relate one to the other focusing on the covariant approach and showing how this maps to the metric approach.
First, the three-dimensional Ricci scalar is defined in the covariant approach as
To compare, we split this into a homogeneous background and a perturbation as usual,
The background is zero, (3)R = 0, for a flat FLRW spacetime. The perturbation, from Ref. [13] , can be written in terms of metric perturbation variables as
Using metric perturbation theory, we can calculate the 3-Ricci scalar to obtain [27] 
The definition of the curvature perturbation in the comoving gauge in terms of variables in an arbitrary gauge is
from which we can see that the curvature quantities in the covariant approach are equivalent to the quantities in the metric approach in the comoving gauge. That is,
This can be written in terms of longitudinal gauge quantities, or Bardeen variables, as
The four dimensional Ricci scalar is derived above in Section III and is given in the comoving gauge in terms of Bardeen variables as
Now we consider kinematical quantities, starting with the expansion scalar, in the covariant approach defined as Θ = ∇ a u a . This can then be split into a homogeneous background and a linear perturbation as
The background expansion isΘ = 3H/a. Using the definition of u M a in terms of metric perturbation theory we arrive at
One difference between the two formalisms is in the assumed time-like vector field with which to describe the spacetime. The covariant approach assumes a four-velocity, taken to be comoving with the matter, u a M , while the metric formalism assumes the FLRW metric as a background. In the latter, the fundamental vector field, n a is orthogonal to constant−η hypersurfaces, and has
10)
Thus, in metric perturbation theory the expansion scalar is
This is not such a problem, it arises simply because in metric perturbation theory we have a choice of unit timelike vector field. If we want to compare the two approaches we can simply evaluate both in the comoving gauge, for which v = B = 0. So, Eq. (5.9), becomes
and on using the relationships between the comoving gauge variables and the longitudinal gauge (or Bardeen) variables, φ com = Φ + Hv +v , (5.14)
15)
we obtain
Similarly, the acceleration, a a = u a;b u b in the comoving gauge is 18) which, in terms of Bardeen variables, is
A. Gauge invariant covariant quantities
Now, we show how to relate the gauge invariant gradients defined above to metric perturbation quantities. Again, as above, we work in the comoving gauge. In this gauge, the projected covariant derivative, defined as a (3) ∇ i = h b i ∇ b is simply the covariant derivative on the spatial hypersurfaces and, since we are working with a flat background, is simply a partial derivative:
20)
21)
23)
Note that we have left the variables in terms of δR com [ ], since we can then simply substitute this into the covariant equations later which will then give us equations comparable to the longitudinal gauge metric equations presented in Section III A 1. The scalar gauge invariant covariant quantities are then related to metric variables through
B. Equations
Having now presented the gauge invariant covariant variables in terms of metric perturbation variables, we nowshow how to convert from the equations in the covariant approach to those in the metric approach. We will use the case of general relativity, for which f R) = R, to highlight the procedure. We first note that a dagger derivative applied to a perturbed quantity in the comoving gauge is
The equivalency is best shown by first performing a harmonic decomposition, such that
This removes the (3) ∇ 2 from the equations in the covariant approach, thus allowing a more direct comparison with the metric approach. Then, the set of equations governing the scalar variables can be written as two, second order differential equations:
On taking the general relativistic limit, the equation governing the evolution of the energy density perturbation for a flat FLRW universe dominated by dust, is
Using the relationships between the covariant and metric perturbation quantities in the comoving gauge, this can be re-written asδ
This is the usual equation for the evolution of the density contrast in the comoving gauge, which verifies the transformation between the two approaches.
VI. DISCUSSION
In this article we have provided, for the first time, a method for relating the most popular two methods of modeling cosmological perturbations -the covariant and metric approaches -to one another for f (R) gravity. This builds upon work presented in Ref. [13] for standard Einstein gravity. We started by reviewing f (R) gravity, and then both the metric and covariant approaches to cosmological perturbations. We presented the governing equations for scalar perturbations in the metric approach in both the longitudinal gauge and the uniform curvature gauge, as well as presenting the equations in Bardeen's variables (which amounts to using the longitudinal gauge, but with the comoving density contrast). The governing equations in the covariant approach were then presented, again for scalar perturbations, in terms of the covariant gauge invariant quantities.
Then, in Section V, we presented the relationship between the variables in the covariant and metric approaches. For the curvature variables such as the 3-dimensional Ricci scalar, the covariant variables are essentially already in a form equivalent to the comoving gauge of metric perturbation theory. For kinematic variables, such as the expansion scalar, the covariant variables are equivalent to the metric perturbation theory variables only in the comoving gauge, due to the choice of the velocity four vector u a M as opposed to the unit timelike vector n a , which depends on metric perturbations. Having presented this relationship, we then outlined the method in which one can transfer from the covariant equations to the metric equations, and vice versa.
It is not surprising that this relationship exists, since the two approaches are complementary methods with which to describe inhomogeneities on top of a homogeneous and isotropic FLRW background, with the covariant approach mapping to the comoving gauge [12] . However, since the two approaches are different, there will naturally be problems that one or other of the methods are more suitable to solve. This paper allows one to compare calculations done in one of the approaches to the other, thus enabling a deeper understanding of the predictions made by different f (R) cosmological theories.
for some scalar, ζ. Thus, we arrive at the equivalences between the scalar perturbations in the conventions of Malik and Wands (left) and Bruni et al (right):
